arXiv: 1507.05521 vl [math.CO] 20Jul2015 


AN INFINITE FAMILY OF EXCLUDED MINORS FOR STRONG 
BASE-ORDERABILITY 


JOSEPH E. BONIN AND THOMAS J. SAVITSKY 


Abstract. We discuss a conjecture of Ingleton on excluded minors for base-orderability, 
and, extending a result he stated, we prove that infinitely many of the matroids that he 
identified are excluded minors for base-orderability, as well as for the class of gammoids. 
We prove that a paving matroid is base-orderable if and only if it has no M(/C 4 )-minor. 
For each A: > 2, we define the property of /c-base-orderability, which lies strictly between 
base-orderability and strong base-orderability, and we show that /c-base-orderable matroids 
form what Ingleton called a complete class. By generalizing an example of Ingleton, we 
construct a set of matroids, each of which is an excluded minor for fc-base-orderability, 
but is {k — 1)-base-orderable; the union of these sets, over all k, is an infinite set of base- 
orderable excluded minors for strong base-orderability. 


1. Introduction 

Basis-exchange properties are of long-standing interest in matroid theory (see Kung’s 
survey m). Condition (BE) in the following definition of a matroid is a simple basis- 
exchange property: a matroid M is an ordered pair ( 6 , E{M)) where E{M) is a finite set 
and B is a non-empty collection of subsets of E{M) (the bases) such that 
(BE) if Bi, B2 € B and x € Bi — B2, then there is some y € B2 — Bi so that 
{Bi — x) U y € B. 

Brualdi H showed that property (BE) is equivalent to the following, seemingly stronger, 
symmetric basis-exchange property: 

if Bi, B2 G B and x G Bi — B2, then there is some y G B2 — Bi so that 
both {Bi — x)\Jy and {B2 — y)yj x are in B. 

Brylawski jTl, Greene 13 , and Woodall UtM showed that the multiple symmetric exchange 
property holds for all matroids: 

if Bi, B2 G B and X G Bi — B2, then there is some Y G B2 — Bi so 
that both {Bi — VT) U V and {B2 —Y)[JX are in B. 

In®, Brualdi also showed that the bijective exchange property holds for all matroids: 
if Bi,B 2 G B, then there is a bijection a: Bi —>■ B2 so that, for all 
X G Bi, the set [Bi — a;) U (j{x) is in B. 

In contrast, our work here is motivated by the following basis-exchange properties that 
are not possessed by all matroids. 

Definition 1.1. A matroid M is base-orderable if given any two bases Bi and B2, there 
is a bijection a: Bi —>■ B2 such that for every x G Bi, both (Bi — a;) U cr(a;) and 
(B2 — a(x)) U X are bases. 
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A matroid M is strongly base-orderable if, given any two bases Bi and B 2 , there is a 
bijection a: Bi ^ B 2 such that for every X C Bi, 

(*) {Bi — X) U cr{X) is a basis, and 

(**) [B 2 — (^{X)) U X is a basis. 

To the best of our knowledge, the notion of base-orderability hrst appeared in both 
m and H at about the same time. Brualdi and Scrimger ||6| showed that all transversal 
matroids are strongly base-orderable (and hence base-orderable). The property of base- 
orderability appeared (without the term) in Brualdi ||4| as a natural strengthening of the 
basis-exchange properties discussed there. 

Not all matroids are base-orderable; in particular, the cycle matroid M{K 4 ) is not. We 
denote the class of base-orderable matroids by BO and that of strongly base-orderable 
matroids by SBO. (In this paper, by a class of matroids we mean a set of matroids that 
is closed under isomorphism.) Clearly, SBO C BO. Ingleton lITTIl gave an example 
that shows that this containment is proper. In Section |9] we generalize his example; we 
construct an infinite collection of excluded minors for strong base-orderability, each of 
which is base-orderable. 

It is easy to show that the class of base-orderable matroids is minor-closed, but describ¬ 
ing its excluded minors remains an open problem. In Section|5] we discuss a conjecture of 
Ingleton on the excluded minors. Much of our work arose by exploring ideas in Ingleton’s 
paper ca, to which we owe a great debt. A number of our results and constructions grew 
from seeds in that paper, which, while providing a wealth of intriguing ideas, contains few 
proofs. To give a more complete account of this topic, we also offer proofs of some of the 
assertions that Ingleton made, either without proof or with a minimal sketch of the proof. 
In Section [2 we lay the groundwork for Section |5] and also prove that a paving matroid is 
base-orderable if and only if it has no M(Ar 4 )-minor. In SectionlH we review cyclic flats, 
which we use extensively thereafter. In Section [S] we prove a special case of Ingleton’s 
conjecture. There we describe an infinite family of excluded minors for the class BO, each 
of which has precisely six cyclic flats; these matroids are also excluded minors for the class 
of gammoids. (Recall that a gammoid is a minor of a transversal matroid.) 

Ingleton defined complete classes of matroids in ifT^ . 

Definition 1.2. A class of matroids is complete if it is closed under the operations of 
minors, duals, direct sums, truncations, and induction by directed graphs. 

It is known that BO and SBO are complete classes. Ingleton ca noted that the class 
of gammoids is complete and that each non-empty complete class contains all gammoids. 
In particular, SBO contains all gammoids. This containment is proper since, for instance, 
the Vamos matroid is strongly base-orderable, but it is not a gammoid since gammoids are 
representable over the real numbers. These three complete classes form part of a hierarchy 
that Ingleton, again in ifT^ . introduced. We quote: 

“There is scope for introducing an infinity of complete classes between 
BO and SBO by appropriate limitations on the cardinals of subsets X for 
which (*) is to hold, but these do not seem to have been studied.” 

In Section 121 we begin to study some of these classes; we introduce the class k-BO of 
A:-base-orderable matroids, where fc is a fixed positive integer, and address the first three 
operations in Definition 11.21 The last two operations are treated in Section |7] using a 
reformulation of completeness that we prove in Section|6l 

We assume familiarity with basic matroid theory. For notation, we follow Oxley iflTll . 
We use 2^ to denote the set of subsets of a set S. For a family X of sets, we shorten 
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r\x^TX to and to U-F. For a graph G with vertex set V, the neighborhood 

of X CV, denoted Ng{X), is 

Ng{X) = {v € V : a;t; is an edge of G for some x & X}. 

If G is clear from context, we may omit the subscript. A digraph is a directed graph. 

2. /c-BASE-ORDERABLE MATROIDS 

In this section, we begin to explore some variations on the concept of base-orderability 
that fit the mold described by Ingleton in the quote above. While our main results about 
the matroids we introduce below, fc-base-orderable matroids, are in Sections [T] and | 9 l in 
this section we treat some properties that we use freely throughout the rest of the paper. 

Definition 2.1. Fix a positive integer k. A /c-exchange-ordering/or a pair of bases Bi and 
B2 of a matroid M is a bijection a: Bi B2 such that, for every subset X of Bi with 
| 2 f I < k, both [Bi — X) U cr{X) and {B2 — ct(W)) U X are bases of M. 

A matroid is fc-base-orderable if each pair of its bases has a k-exchange ordering. 

For a fixed fc > 1 , we denote the class of Ic-base-orderable matroids by k-BO. Thus, 
1 -BO = BO. We usually call a 1 -exchange-ordering an exchange-ordering. A matroid M 
is strongly base-orderable if and only if it is r(M)-base-orderable. 

Proposition 2.2. Let k and I be positive integers. 

( 1 ) If M is \r{M)/ 2 ]-base-orderable, then it is strongly-base-orderable. 

(2) A bijection a: Bi ^ B2 is a k-exchange-ordering if and only if a'~^: B2 ^ Bi 
is also a k-exchange-ordering. 

( 3 ) If O': Bi —>■ B2 is a k-exchange-ordering, then 

(a) a{x) = X for every x & Bifi B2, and 

(b) o is also an l-exchange-orderingfor every integer I with 1 < I < k. 

( 4 ) If M and N are k-base-orderable, then so is M (B N. 

( 5 ) If M is k-base-orderable, then so is M*, as well as M\x and M/x for each 
X G E{M). 

Proof. Parts (l)-( 4 ) are immediate. For part ( 5 ), let S* and B2 be bases of M*. There is 

a /c-exchange-ordering cr: E{M) — i?2 —>■ E{M) — B^ for M. Define a* : B^ ^ by 

N iX, if x G S* n B2, 

^ ^ |cr(a;), ifa: G B*^ - B*. 

It is easy to check that cr* is a fc-exchange-ordering for M*. 

It now suffices to treat M\x since M/x = (M*\x)*. Let Bi and B2 be bases of M\x. 
If X is not a coloop, then a fc-exchange ordering for the bases Bi and B2 of M serves as 
such for M\x. Otherwise, M has a fc-exchange-ordering tr: Bi U x B2 U x, and since 
o{x) = X, its restriction o\bi : Bi ^ B2 is a fc-exchange-ordering for M\x. □ 

The next two lemmas will be useful when discussing excluded minors. 

Lemma 2.3. If M is not k-base-orderable, then it has a minor N whose ground set is the 
union of two disjoint bases of N that have no k-exchange ordering. 

Proof. Let A and B be bases of M that have no /c-exchange-ordering. Take 

N = M/{AnB)\{E{M)-{AuB)). □ 

Lemma 2.4. If a rank-r matroid M with \E{M)\ = 2 r is not in k-BO but either 
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(1) all single-element contractions M/x are in k-BO, or 

(2) all single-element deletions M\x are in k-BO, 

then M is an excluded minor for k-BO. The same is true if we replace k-BO by SBO. 

Proof By duality, it suffices to treat the case in which condition (1) holds. Since M is not 
in k-BO but all of its single-element contractions are, M has no coloops. Fix y € E{M). 
Let Bi and B 2 be bases of M\y. Since M\y has 2r — 1 elements and rank r, the bases 
Bi and B 2 cannot be disjoint. Fix x € Bi D B 2 . In M/x, there is a A:-exchange-ordering 
a: Bi — X —^ ^2 — a: by condition (1). Extending a by setting cr(a;) = x gives a k- 
exchange-ordering for Bi and B 2 in M\y. Thus, M is an excluded minor for k-BO. □ 

3. The basis-exchange digraph 

The following construction is often helpful when examining basis-exchange properties. 

Definition 3.1. Let A and B be bases of M. The basis-exchange digraph of A and B 
with respect to M is the directed bipartite graph ^ on 2 r(M) vertices with bipartition 
{A, B} (using disjoint copies of A and B if A n B f 0) where, for a G A and b G B, 

(1) ia,b)GE{n%) if and only if (^B — b) U a is not a basis of M, and 

(2) (6, a) G E{Ll^ g) if and only if (^A — a) Lib is not a basis of M. 

We shorten ^ to LIa,b when M is clear from the context. Figure [T] illustrates the 
definition. 
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Figure 1. The cycle matroid M{K 4 ) and its basis-exchange digraph 
for the bases A = {a, b, c} and B = {d, e, /}. 


While some authors use this term for a different graph, our definition is consistent with 
the critical graphs that Ingleton defined in im (see Definition IS.ll below). The following 
proposition is well-known and easy to prove. 

Proposition 3.2. Let A and B be bases of a matroid M. For a G A — B, the fundamental 
circuit of a with respect to B, denoted by C{a, B), is 

{a} Li {b G B : {a, b) is not an edge of LIa,b}- 

We now recall Hall’s Theorem on matchings in a bipartite graph. It was originally stated 
and proved for systems of distinct representatives by Philip Hall in IfTOl . 

Theorem 3.3. Let G be a bipartite graph with bipartition {X, Y}. There is a matching 
that covers X if and only if \X'\ < |iV(2f') | for all sets X' C X. 

The next lemma, from CD, is of crucial importance, so we fill in the sketch of the proof 
that was given there. 
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Lemma 3.4. Let A and B be bases of a matroid M. There is no exchange-ordering 
between A and B if and only if some subgraph of LI a,b is an orientation of a complete 
bipartite graph Ks^for some s > 2 and t > 2 with s + t = r{M) + 1. 

Proof Let LI be the undirected bipartite graph with the same bipartition as LIa,b, in which 
ab, with a G A and b G B, k an edge if and only if neither (a, b) nor (6, a) is an edge 
of LIa.b- In other words, ab is in E{Ll) exactly when both {A — a) U b and {B — b) U a 
are bases of M. Thus, A and B have an exchange-ordering if and only if Lt has a perfect 
matching. 

By Hall’s Theorem, LI has no perfect matching if and only if there is a subset X C A 
with |X| > |7V(X)|, where N{X) C B is the neighborhood of X in LI. Now 

|X| + \B- NiX)\ = r{M) + |X| - |A^(X)|, 

so the inequality \X\ > |7V(X)| is equivalent to |X| \B — > r{M) + 1. Also, 

for every x G X and y G B — N{X), either {x, y) or {y, x) is an edge of LIa.b- It follows 
that LI has no perfect matching if and only if LIa.b has a restriction that is an orientation of 
Ks.t for some s and t with s -\-t = r{M) + 1. By the symmetric basis-exchange property, 
neither s nor t can be r, so s > 2 and t > 2. □ 

Recall that a matroid M is paving if it contains no circuit of size less than r{M)\ it is 
sparse-paving if both M and M* are paving. It is well-known that the classes of paving 
matroids and sparse-paving matroids are minor-closed. From Figure [T] and Lemma 13.41 
we see that M{K 4 ) is not base-orderable. In fSl, de Sousa and Welsh proved that a binary 
matroid is base-orderable if and only if it has no M (Ar 4 )-minor. We next prove that M {Kf) 
is also the only obstacle to base-orderability for paving matroids. 

Theorem 3.5. A paving matroid M is base-orderable if and only if M has no M^Kf)- 
minor. 

Proof If M has an M (iT 4 )-minor, then M is not base-orderable since BO is minor-closed. 
We now show that if M is not base-orderable, then it has an M{K^yminor. By Lemma l231 
M has a minor N whose ground set is the union of two disjoint bases of N, say A and 
B, that have no exchange-ordering. By Lemma ISAl the basis-exchange digraph Ll^ g has 
a subgraph that is an orientation of Kg.t where s -\- t = r{N) -|- 1. Since N is paving 
and Ar\ B = 0, Proposition 13.21 implies that the out-degree of any vertex in is at 
most one. Therefore \V{Ks.t)\ > \E{Ks.t)\, i-S-. s -\-1 > st. The only solution to this 
inequality with s,t > 1 is s = f = 2, so r{N) = s-|-f — 1 = 3, and so |i?(7V)| = 6. 
Transversal matroids are base-orderable, and the only rank-3 matroid on six elements that 
is not transversal is M(Kf), so N is M(Kf). □ 

This theorem is interesting in light of the recent work of Pendavingh and van der Pol 
m that the number of sparse-paving matroids with no M(iT 4 )-minor is asymptotic to 
the best-known lower bound on the number of sparse-paving matroids. It is conjectured 
that asymptotically almost all matroids are sparse-paving, so it seems reasonable to also 
conjecture that almost all matroids are base-orderable. 

The next two results are implicit in Ingleton im. 

Proposition 3.6. If A and B are disjoint bases of a matroid M with E{M) = A\JB, then 
Ll^ B obtained from Ll^ g by reversing the orientation of each edge. 

Proof. Let a G A and b G B. Then (A — a) U 6 is a basis of M (or M*) if and only if 
{B — b)Uais a basis of M* (or M). □ 
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The next proposition limits the structure of basis-exchange digraphs of excluded minors 
for BO. 

Proposition 3.7. Assume that bases A and B of a matroid M have no exchange-ordering. 
Let T be a subgraph ofLlA.B that is an orientation of Kg^t with s + f = r{M) -f 1 and 
s, < > 2. has either a source or a sink, then M is not an excluded minor for base- 
orderability. 

Proof. By Lemma l231 there is nothing to show unless Ar\B = 0 and E{M) = AAB. Let 
A = { 01 , 02 ,... ,ar} and B = {&i, & 2 , ■ ■ ■, br}, with ( 01 , 02 ,..., o^} U { 61 , 62 , ■■■,&*} 
being the vertex set of L. By Propositions 12. 2l and l3. 61 it suffices to treat the case in which 
r has a source, say oi. By the symmetric basis-exchange property, we may assume that 
B' = (B — 6 r) U oi is a basis of M. We claim that LtA,B' has a subgraph that is an 
orientation of Ks,t- Clearly if {bj, o^) € E{LtA,B), then {bj,ai) G E{LtA,B') as well. Let 
(oi, bj), with i > 1 , be an edge of L. Now (oi, bj) G E{LIa,b) since oi is a source of L. 
Proposition l3 .21 gives { 01 , 01 } C cl(B — bj). Therefore 

r[{B - bj) U { 01 , 01 }) = r(M) - 1. 

Thus, {B — {bj, br}) U {oi, 01 } is not a basis of M, so (oi, bj) G E{LIa,b')- Lastly note 
that (oi, 6 j) G E(flA,B') since oi is itself a member of B'. Thus, L>.a,b' has a subgraph 
that is an orientation of Ks,t, so M/ai\br is not base-orderable by Lemma 13741 □ 

4. Background on cyclic flats of matroids 

The rest of this paper makes heavy use of cyclic flats, which we briefly review in this 
section. For a fuller account, see El. 

Let M be a matroid with rank function r. A set C E{M) is cyclic if 2f is a (possibly 
empty) union of circuits; equivalently, X is cyclic if the restriction M\X has no coloops. 
The collection of cyclic flats of M, denoted Z{M), is a lattice under set-inclusion, with 
the same join as in the lattice of flats, namely, X V Y = 01(26 U Y). An attractive feature 
of cyclic flats is that they are well-behaved under duality. 

Proposition 4.1. For a matroid M, we have Z{M*) = {E{M) — X : X G Z{M)}. 

A matroid M is determined by E{M) along with the pairs {A, r{A)) for A G Z{M). 
The following result from EH El formulates matroids in these terms. 

Theorem 4.2. Let Z be a set of subsets of a set S and let r be an integer-valued function 
on Z. There is a matroid M with S = E{M) for which Z = Z{M) and r{X) = rM{X) 
for all X G Z if and only if 

(ZO) Z is a lattice under inclusion, 

(Zl) r(Oz) = 0, where Oz is the least element of Z, 

(Z2) 0 < r{Y) - r{X) < |r - X\for all sets X, Y in Z with X CY, and 
(Z3) for all incomparable sets X, Y in Z (i.e., neither contains the other), 

r{X) + r{Y) > r{X V F) -f r(26 A F) -f |(26 n F) - (26 A F)|. 

The rank of a set 26 C E{M), in terms of the ranks of cyclic flats, is given by 

rM(26) = min{r(A) -f |26 - A| : A G Z{M)}. (1) 

We also require information about the cyclic flats of minors. 

Lemma 4.3. Let M be a matroid, and let x G E(M). If F G Z{M\x), then either F or 
F U X is a cyclic flat of M. The same conclusion holds if F G Z{M/x). 
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Proof. If a cyclic flat F of M\x is also a flat of M, then F G Z{M)-, otherwise x is not 
a coloop of M\F X and clM(f^) = FUa;, soFUa; G Z{M). The second assertion 
follows by duality. □ 

We say that a matroid N is freer than M if E{M) = E{N) and rM{X) < Tjq[X) for 
all X C E{M). We next formulate this order (the weak order) in terms of cyclic flats. 

Lemma 4.4. A matroid N is freer than M if and only if for all F G Z{N), there is some 
A G Z{M) with vm^A) + |F — A| < rpf{F). 

Proof The necessity of the condition is clear. We focus on the converse. For X C E{M), 
we have r 7 v(X) = rjv(F) + |X—F| for some F G Z(7V). Now rM(^) + |F—A| < rjv(F) 
for some A G Z{M) by assumption. Since |X — A| < |X — F| + |F — A\, we have 

rMiX)<rM{A) + \X-A\ 

<rMiA) + \F-A\ + \X-E\ 

<rN{F) + \X-F\ 

= rNiX). 

The first and last terms are the required inequality. □ 

We will use the Mason-Ingleton characterization of transversal matroids. 

Theorem 4.5 (The Mason-Ingleton condition). A matroid M is transversal if and only if 
for all nonempty antichains T of Z{M), 

r(nF) < ^ (-1)I^'I+V(UF'). (2) 

For a proof of this theorem, see El. Inequality ^ trivially holds when |F| = 1, and it 
reduces to submodularity when |F| = 2. We will use the following corollary. 

Corollary 4.6. Let M be a matroid. Fix Q C with Z{M) C Q. If inequality (|2]l 

holds for all nonempty antichains F of Q with |F| > 3, then M is transversal. 


5. INGLETON’S CONJECTURE 

Ind, Ingleton discussed an infinite set of matroids that he conjectured to be excluded 
minors for BO. His conjectured excluded minors are associated to what he called critical 
graphs; however, he gave the definition of these matroids only for critical graphs that lack 
a structure that we call an obstruction. For a critical graph with no obstructions, he gave 
two families of sets and said that the bases of the associated matroid are their common 
transversals; in Sections FS.ll and lS^ we develop a view of these matroids in terms of cyclic 
flats and show that Ingleton’s description of the bases applies precisely when obstructions 
are absent. The properties we prove about obstructions show that they are relatively well- 
behaved, and in Section 15.31 we define a likely candidate for the conjectured excluded 
minors that are associated to critical graphs with obstructions (that material is not used in 
the rest of the paper). In Section l54l we present data that supports the conjecture about 
excluded minors. 
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5.1. Critical graphs and pairs of transversal matroids. We start with a fundamental 
definition due to Ingleton. 

Definition 5.1. Let A and B be disjoint sets of size r, where r > 3. A bipartite digraph A 
with bipartition {A, B} is a critical graph if there are subsets X of A and Y of B such that 

(1) |A| + |F|=r + l, 

(2) for all X € X and y G Y, exactly one of (x, y) and {y, x) is in E{ A), 

(3) if{u, v) G E{A), then {u, v} C X UY, and 

(4) no element of X UY is a source or sink of A. 

Thus, a critical graph on 2r vertices is an orientation of Kg^t, for some s > 2 and t > 2 
with s + f = r + 1, having neither a source nor a sink, with r — 1 isolated vertices adjoined. 
For example, the digraph in Figure[T]is a critical graph. Dehnition l5.1l is motivated largely 
by Lemmaand Pror)osition l3.7l 

Ingleton said that for each critical graph A, he could construct a matroid M( A) on AUB 
in which A and B are bases and the basis-exchange digraph is A; furthermore, all 

excluded minors for BO occur among what he called the good specializations of these ma¬ 
troids M (A). (One property of good specializations is that they can have more dependent 
sets.) Thus, the idea is to construct, for each critical graph A, a matroid M (A) that has A 
as a basis-exchange digraph (so M(A) ^ BO by Lemma [3^ and whose dependent sets 
are, as much as possible, just those that are forced by A. 

To see what structure A imposes on M(A), let M be a rank-r matroid, with r > 3, 
where E{M) is the disjoint union of two bases, A and B, and ^ is a critical graph A. 
Let X and Y be as in Dehnition l5.ll Using fundamental circuits, as in Proposition l3.2l we 
recast what A gives us. We have 

(1) proper subsets A of A and L of S with |A| -f |y| = r -f 1, 

(2) a fundamental circuit C{y, A), for each y gY, with A — X C C{y, A) — y C A 

and 

^ = U -y^ 

v&y 

(3) a fundamental circuit C{x^ B), for each x G X, with B — Y C C{x, B) — x C. B 
and 

i? = C{x,B)—x, 

xex 

(4) whenever x G X and y G Y, exactly one of the statements x G C(y,A) and 
y G C(x, B) holds, and 

(5) C{b, A) = A U h for b G B — Y, and C{a, B) = B \J a for a G A — X. 

For a subset A' of the basis A, the hat cIm(A') = A' U {b G B : (7(6, A) — b C A'} 

has rank \A'\. This hat is cyclic if for each a G A', there is a b G cIm(A') fl B with 
a G (7(6, A). The counterparts of these conclusions for subsets B' of B also hold. There 
may, of course, be circuits of M besides the fundamental circuits that A gives. 

As we will see, in many cases the minimal structure that A imposes on M (A) is enough 
to determine M (A). Let A be a critical graph with r. A, B, X, and Y as in Dehnition l5.ll 
We begin to describe a candidate for M (A) by specifying some of its cyclic Hats and their 
ranks. From the observations above, we see that in order to have A = certain 

cyclic hats must be present in Z{M (A)). For b G B, we define 

(7a(6, A) = {6} U {a G a : (6, a) (f E{A)}. 


(3) 
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We extend this notation as follows: for B' C B, we define 

Ca{B\A)= \J CA(b,A). (4) 

beB' 

Now we define Za and the ranks of its sets as follows: for each B' C B, we adjoin the set 

Ba{B') = Ca{B',A) U {& e B : Ca(6 , A) - b C Ca{B',A)} (5) 

to Za and set r{DA{B')) = \Da{B') fl A\. Note that 0 is in Za with rank 0 (take 
B' = 0), and ^ U B is in Za with rank r (take B' = B, say). Also note that 

DA{B') = CA{DA{B')f^B,A) 

and thus 

Da{B') n y = {y G y : CA{y,A) -yC DAiB')}. (6) 

Likewise construct Zb- Specihcally, for a G A, we define 

C'A(a, B) = {a} U {b G B : {a,b) ^ E{A)}. 

For A' C A, we dehne 

Ca{A’,B)= [j CA{a,B), (7) 

aeA' 

and we adjoin the set 

Da{A') = Ca{A',B) U {a G a : C'A(a,B) - a C Ca{A',B)} (8) 

to Zb with rank |Z7 a(A') Cl B\. 

Set Za = Za U Zb- Since Za H Zb = {0, A U B}, there is no ambiguity as to the 
ranks of the sets in Za - 

In the proof of the next result, we use the following observations about the transversal 
matroid M that arises from a bipartite graph. By Theorem [33] the circuits of M are the 
subsets W of E{M) for which |A^(iy)| < |iy| while \N{Z)\ > \Z\ whenever Z C W- 
Thus, if ly is a circuit and w G W, then |A^(iy)| = \N(W — {ti’})| = r{W), and so 
N{W) = NiW - {w}). Also, if |7V(C/)| = r{U), then cl(t7) = {x : N{x) C N{U)}- 

Proposition 5.2. The set Za, with the rank of each set in Za as given above, is the set 
of cyclic fiats, along with their ranks, of a transversal matroid on AU B, and likewise for 
Zb- The sets A and B are bases of both of these transversal matroids- 

Proof By symmetry, it suffices to treat the assertions about Za- For o G A, let 

Sa = {a}iJ{hGB ■- {h,a)^E[A)}- 

Let F be the bipartite graph with bipartition {A U B, {^a : a G A}} and with edge set 
{x Sa ■ X G 5'q}. Let M be the transversal matroid on A U B defined by F. It is easy 
to see that A is a basis of M, that |A^r(A')| = r{A’) for all subsets A' of A, and that, for 
each b G B, the set C'a(&, A) in equation Q is the fundamental circuit CM{b, A). From 
these conclusions, equation (|5ll, and the observations above, it follows that all sets in Za 
are in Z{M)- 

To show that each set Z in Z{M) is in Za and that Z n A is a basis of M|Z, we start 
with a circuit W of M. As noted above, |Wr(iy)| = r{W)- Thus, for 6 G IF fl i?, we 
have CM{b, A) C c\m{W)- Therefore clM(iy) n A is a basis of M \ clM(iy)- For any 
Z G Z{M), there are circuits Wi, W 2 , - - - ,Wt of M with Z = Wi U W 2 U ■ • • U Wt, so, 
since clM(FFi) n A is a basis of M\ clM(FFi) for each i, and c\M{Wi) C Z, it follows that 
Z n A is a basis of M|Z, and, furthermore, Z = Da{Z H B)- 
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Finally, to show that S is a basis of M, assume, instead, that B contains a circuit W. 
We use X, Y, and r as in Dehnition l5.ll Since |A^r(W^)| = r{W) < r, no element of 
S — y is in W, so fF QY. Now 7Vr(VF) = {Sa ■ a G {A — X) U X'} for some subset 
X'ofX. Since VF is a circuit, |VF|-1 = |7Vr(fF)|,so |VF|-1 = |A-X| + |X'|. Adding 
|A:-A:'| to bothsides gives |A:-A:'| + |fF|-l= |A| = r, fio \X - X'\ + \W\ =r+l. 
Since |Ar| + |y| =r+l,we get W = Y and X' = 0, but W = Y gives the contradiction 
|7Vr(VF)| = r. (Having X' = 0 also gives a contradiction: each vertex in VF would be a 
source of A.) Thus, B is indeed a basis of M. □ 

5.2. When Za is the lattice of cyclic flats of M(A). In this section, we show that the 
matroid M(A) associated to a critical graph A can have Za as its lattice of cyclic flats if 
and only if A does not contain a structure that we call an obstruction. 

We start with some examples in which Z(M(A)) = Za. The digraph in Figure [T] 
is a critical graph, A 3 , where A = {a,b,c} and B = {d, e, /}; the associated matroid 
M (A 3 ) is M {K 4 ). For a more complex example, let A 5 be the digraph in Figured where 
A = {ai,...,a 5 } and B = { 6 i,...,fl 5 }. Then M(A 5 ) has the lattice of cyclic flats 
shown in Figured 



Figure 2 . The critical graph A5. 


{AUB} 


rank 5 



{01,03,04,05,61,63} {02,03,04,05,62} {61,63,64,65,02,03} {62,63,64,65,01,03} 

rank 4 rank 4 rank 4 rank 4 



{01,04,05, 

rank 3 



rank 3 


Figure 3 . The lattice of cyclic flats of M(A5). 
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It follows from equation ([U that if Z{M{A)) = Zi^, then the bases of M(A) are 
those that are common to the two transversal matroids in Proposition 15.21 In this case, 
M(A) is dehnitely the matroid that Ingleton intended since he said, in ifTTI . “For a large 
class of A it is possible to dehne the bases of M (A) as the common transversals of two 
families of sets,” and he then gave the set system {Sa ■ a € A} that we used in the proof 
of Proposition 15.21 and its counterpart for Zb- In particular, A and B are both bases of 
M(A). Also, = A. Having Z{M{A)) = Za also implies that M{A) is freest 

among the matroids A on A U H in which A and B are bases and ^ = A; to see this, 
take A = F in Lemma l44l 

Ingleton identihed the structures in the following dehnition. 

Definition 5.3. Given a critical graph A, a pair {K, L) is an obstruction if 

(1) 0 C K C X and 0 C L C Y, 

(2) (fc, y) G E{A) for every k £ K and y £ Y — L, and 

(3) {I, x) £ E{A) for every I £ L and x £ X — K. 

The inclusions C'a(A:, B) - AT C L U (B - Y) and C'a(A, A) - L C A U (A - X) 
are equivalent to conditions (2) and (3), respectively. 

Fortunately, as the next four results show, obstructions are rather well-behaved. The 
proof of the following lemma is immediate from the definition. 

Lemma 5.4. Let A be a critical graph, and let A' be the digraph obtained by reversing 
the orientation of every edge of A. The pair {K, L) is an obstruction of A if and only if 
{X — K,Y — L) is an obstruction of A'. 

The next result shows that obstructions form a lattice. 

Proposition 5.5. If (Ki, Li) and (^ 2 ,^ 2 ) ore obstructions of a critical graph A, then 
both {Ki n K 2 , Li n L 2 ) and {Ki U K 2 , Li U L 2 ) are obstructions. 

Proof First observe that ifk£ Ki — K 2 and I £ L 2 — Li, then both (fc, 1) and {I, k) would 
be edges of A, which is impossible. Thus, at least one of Ki — K 2 and L 2 — Li is empty, 
and likewise for the pair K 2 — Ki and Li — L 2 . That is, (i) either Ki C K 2 or L 2 C Li 
and (ii) either K 2 C Ki or C L 2 . If Ki ^ K 2 and Li f- L 2 , then conclusions (i) and 
(ii) imply that either (a) Ki C K 2 and Li C L 2 , or (b) K 2 C Ki and L 2 F Lp, in these 
cases, the conclusion of the proposition is immediate. 

By symmetry, we may now assume that Ki = K 2 - Thus, (k,y) £ E{A) for each 
k £ Ki and y £ Y — (Li n L 2 ); likewise, {l,x) £ E{A) for each I £ Li U L 2 and 
X £ X — Ki- It cannot be that Li fl L 2 = 0, for then each k £ Ki would be a source of 
A. We also cannot have Li U L 2 = Y, since then each x £ X — Ki would be a sink of A. 
Thus, both {Ki,Li n L2) and {Ki,Li U L2) are obstructions, as needed. □ 

Thus, if a critical graph has an obstruction, then it has a minimum obstruction and a 
maximum obstruction. 

The next result shows that there are no obstructions if r < 7. However, obstructions can 
and do occur if r > 7. Figure|4]shows A 7 , the smallest critical digraph, up to isomorphism, 
that has an obstruction. 

Proposition 5.6. If{K, L) is an obstruction of a critical graph A, then each of the sets K, 
L, X — K, and Y — L has at least two elements. 

Proof. Assume for a contradiction that Y — L = {y}. Since K <£ X and y is not a sink, 
there is some x £ X — K with {y, x) £ E(A). This implies that x is then a sink, contrary 
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to property (4) of A. Thus \Y — L\ > 2. By symmetry \X — K\ > 2. Now Lemma 15.41 
implies that \K\, \L\ >2. □ 



Figure 4. The pair ({ 03 , 04 }, { 63 , h^}) is an obstruction in this critical 
graph, A 7 . The edges with gray arrows show that conditions (2) and (3) 
in Definition l5.3l hold. 


Lemma 5.7. If{K,L) is the minimum obstruction of IS., then Ca{L, A)—L = K[J{A—X) 
and Ca{K,B) - K = L\J[B - Y). 

Proof. For fc € iT, if C^iB, A) — L f- {K — k)yj {A — X), then {K — k, L) would also 
be an obstruction, contrary to {K, L) being the minimum. The second equality follows by 
symmetry. □ 

We now treat a key result. 

Proposition 5.8. Let Abe a critical graph. The collection .Za, with the ranks given before 
ProDosition \5.2\ satisfies conditions (Z0)-(Z3) in Theorem \4.2\ (and so defines a matroid) 
if and only if A has no obstructions. 

Proof. From equation (|5]l, each I € Za — {A U B, 0 } is a proper superset of A — X that 
is disjoint from B — Y, while from equation (| 8 ]l, each J G Zb — {A U B, 0 } is a proper 
superset of B — Y that is disjoint from A — X; thus, / A J = 0 and / V J = AU B. 
Also, if /, J G Za, then J V J and I A J are as in Za, and likewise if /, J G Zb- Thus, 
condition (ZO) holds. 

Each of the other conditions follows from its counterpart in Za or Zb with one excep¬ 
tion: we must check whether condition (Z3) holds for all I, J with I G Za — {A U B, 0} 
and J G Zb — {AU B,0 }. Condition (Z3) for such an / and J is equivalent to 

r + |/n J| < |/nA| + |jnB|, (9) 

which, since \A — X\ + \B — Y\ = r — 1, is equivalent tol + |JnJ| < |/nX|-|-|JnF|. 
Assume that this inequality fails, that is, 

|/n J| > |/nx| + |jny|. 

Since / n J is the disjoint union of / n J fl X and / fl J fl E, the last inequality gives both 
/nJnX = I C] X and / nJnE = JnE, from which we get I f] X C J n X and 
J n E C / n E. Equation (| 6 ]l and the inclusion J fl E C / n E give 

C'a( J n E, A) - ( J n E) c / n A = (/ n X) u (A - x). 

Likewise, C'A(/nX,B)-(/nX)C(JnE)U(B-E) follows from / n X C J n X, so 
(/ n X, J n E) is an obstruction. Thus, if condition (Z3) fails, then A has an obstruction. 
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Now assume that A has an obstruction. Let {K, L) be the minimum obstruction. Set 
/ = D/^{L), so / G Za, and set J = Da{K), so J G Zb- By Lemma l5?7l 

r{I) + r{J) = \A-X\ + \K\ + \B-Y\ + \L\=r-l + \K\ + \L\. 

On the other hand, I A J = 0 and iG U L C / n J, so 


r{I W J) + r{I A J) + \{I n J) - {I A J)\ > r + \K\ + \L\. 
Thus condition (Z3) of Theorem l4.2l fails. 


□ 


Thus, when A has no obstructions, we take M(A) to be the matroid with lattice of 
cyclic flats equal to Za. We next reformulate a conjecture that Ingle ton made in ifTTl . We 
prove a special case in Theorem l 8 .ll 

Conjecture 5.9. If A is a critical graph with no obstructions, then M (A) is an excluded 
minor for BO. 

5.3. A candidate for M (A) when A has ohstructions. The only thing that Ingleton said 
in im about M (A) when A has an obstruction is that “the set of bases of M (A) has to be 
a suitably chosen proper subset of the set of common transversals” of {5'o : a G A} and 
its counterpart for Zb- Thus, we cannot be sure that what we present below is what he had 
in mind. As we note below, our candidate for M(A) has a property that Ingleton asserted 
for the matroids he had in mind. Also, the computational evidence cited in Section 15.41 
lines up with Ingleton’s conjecture. The material in this section is not used in the rest of 
the paper. 

Proposition 15.51 justifies the following notation. When A has an obstruction, let P be 
the set Kq U Lq where {Kq, Lq) is the minimum obstruction of A, and let Q be the set 
Ki U Li U (A — X) U {B — Y) where {Ki, Lf) is the maximum obstruction of A. 

Proposition 5.10. Let Abe a critical graph having an obstruction. Set r{P) = |P| — 1 
and r{Q) = r — 1. Each of the following collections of sets, with the ranks defined above, 
satisfies the conditions of Theorem \4.2\ and so defines a matroid: 

Z£ = Za U {P}, Zf = Za U {Q}, and Z^^ = Za U {P, Q}. 

Proof. Each of the sets P fl A, P n L, A — Q, and B — Q has at least two elements by 
Prot)osition l5.6l Recall that Ca is given by equations (IHi and (|7]i, and Pa by (l5]l and ([ 8 ]l. 

We hrst treat Z^. We begin with the lattice structure. Consider /, J G Z£—{AUP, 0 }. 
By symmetry, we may take I G Za- 

Assume first that J G Za- Clearly / V J is the same as in Za, as is / A J if P ^ / fl J. 
Sets in Za that contain P also contain Da,{Lq), so if P C / n J, then D^^{Lq) C I and 
Da{Lq) C j, so / a j is again the same as in Za- 
If J G Zb, then I V J = AU B and 



P if P C / n J, 
0 otherwise. 


Comparable sets trivially have a meet and a join, so we may assume that the remaining 
sets to treat, I and P, are incomparable, in which case it is easy to see that J A P = 0 and 


IM P = DA{LoU{lnB)). 


( 10 ) 


Thus, condition (ZO) holds. Note that r(J V P) = |(/ fl A) U Ko\', we will use this below. 

Next, we check condition (Z3) for P and an incomparable set I G Za- The following 
statements are equivalent: 
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(1) r{I V P) + r(/ A P) + |(/ n P) - (/ A P)| < r{I) + r(P), 

(2) |(/nyl)uKo| + |/ni^o| + |/nLo| < \i n A\ + \Ko\ + \Lo\ - i, 

(3) \Ko - I\ + \ln Ko\ + \ln Lo\ < li^ol + l^ol - 1, 

(4) |/nLo| < |Lo|-l,and 

(5) I n Lq Lq. 

Assume statement (5) fails, soPq ^ I - Lemma lS^ gives Ca (Ln. A]—Ln = Kq\J{A—X). 
The inclusion Lq C I gives Ca{Lo, A) — Lq C I n A. Thus, Kq C /, so P C /, contrary 
to the assumption that they are incomparable. 

We next check condition (Z3) for / S Za and J G Zb- If the inequality in condition 
(Z3) holds for I and J in the lattice Za, then its counterpart clearly holds in the lattice Z^. 
Thus, assume the inequality fails for 1 and J in Za- The proof of Proposition |5]8] shows 
that P'AlC\J,^,oII\J = P- Therefore the inequality in condition (Z3) amounts to 

|/nA| + |jnP| >r+|P|-i + |(/n J)-P|, 

which is equivalent to |/ D Aj + | J D P| > r + |/ D J| — 1, and so to 

l/nxi + |Jny| > |Jn J|. 

This last inequality holds because X and Y are disjoint and / n J C AT U P. 

Condition (Z3) for the remaining incomparable pairs follows by symmetry and Propo- 
sition l5.2] We now check condition (Z2). If / C J, with either /, J G Za or /, J G Zb, 
then the condition holds by Proposition [SA] If P C / and I G Za, then 

r(7) - r(P) < |/ n A| - |P n X| = |/ n A| - |P n A| < |J - P|, 

as required. Since |(A U P) — P| > r, the inequality in condition (Z2) holds for P and 
A U P. Checking the condition is trivial if one of the sets is 0, and it follows for the 
remaining pairs of sets by symmetry. Thus, the assertion about Z^ holds. 

For let A' be the critical graph obtained by reversing the orientation of each edge 
of A. Let (Tfg, Lq) be the minimum obstruction of A', and let P' = Kq U Pg. Lemma l5Al 
gives P' = (AUP) — Q- Let M' be the matroid associated to Z^,. We claim that the cyclic 
flats and their ranks for the dual M'* are precisely those of Z^. We use Proposition 14. II 
We have 

rM-(Q) = IQI + rM'{P') - r{M') = (2r - |P'|) + (|P'| - 1) - r = r - 1, 

as required. Now suppose I' G Z{M') — {A U P,P',0} where (A — X) C By 
checking the effect of reversing the orientation, we get that 

(AuP)-/' = Pa(A-/'), (11) 

which is assigned rank |P — P| in Z^- By symmetry, it follows that Z{M'*) = Z^- Also, 
tm- ((A U P) - P) = |(A U P) - I'\ + tm' (P) - r(M') 

= 2 r-|P| + |PnA|-r 
= r- |PnP| 

= |P-P|. 

P O 

Before treating Z^'^, we make a general observation. Let M be a matroid with rank 
function p, and fix a set Z' G — Z{M)- Let Z' be the collection Z{M) U {Z'} 

and suppose a function r': Z' —>■ N agrees with p on Z{M)- Now assume that r' and Z' 
satisfy conditions (ZO) and (Z2) of Theorem l4.2l We claim that the inequality in condition 
(Z3) for r' and Z' follows for all sets I,J€ Z{M)- To see this, note that the presence 
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of Z' makes the join of I and J smaller precisely when I \J J Q Z' C I \/z(m) and 
this preserves the validity of condition (Z3). Also, the meet of I and J is greater precisely 
when I Az(m) J Z' <Z I H J, and condition (Z3) follows in this case since condition 
(Z2) gives \Z' — (/ /\z(M) '^)| > f'(Z') — r'(J Az{m) J)- In all other cases, neither the 
meet nor the join changes. 

Now (A U S) — (AT U y) C Q — P, so IQ — P| > r — 1 = r{Q) > r{Q) — r{P), so 

P o 

condition (Z2) holds for P and Q. By what we noted above, condition (Z3) for will 
follow from our work on and once we prove condition (ZO), which we do next. 

Since Z^'^ is finite and has a greatest member, A U P, it suffices to show that meets 
exist. Let Ap and Vp denote the operations of the lattice Z^, and similarly for the others. 
Let I € Za — {A U B, 0 }. Let W = I Ag Q, which, being contained in /, is in Za- The 
only possible candidates for I Ap^g Q are W and P, and the latter is a candidate only if 
P C / n Q, so assume this inclusion holds. Now kk C P if and only ifW = 0, in which 
case I Ap^g Q = P, so assume W ^ 0. Thus, P Vp W £ Za- From W C I and PCI 
we get P Vp W C I. From W € Za and kk C Q we get kk fl P C L^. By equation (fTOl) . 

P Vp kk = Pa(Po U (kk n P)) C Pa (Pi) L Q. 

Thus, lAgQ = WC PVpW C JnQ, which, since PVpW C Za, gives PVpkk = W. 
Thus, P C kk, so I Ap^g Q — kk. By symmetry, if J S Zp, then J Ap^g Q exists. It is 
easy to see that all other meets exist since Z^ and Z^ are lattices, so conditions (Z0)-(Z3) 
hold for □ 

Both A and P are bases of the matroids whose lattices of cyclic flats are Z^, Z^, and 
Z^’^, as we see from the inequalities |P| — 1 + |A — P| > |A| and r — 1 + |A — Q| > |A|, 
their counterparts for P, equation O, and Proposition 15.21 Also, Proposition 15.61 ensures 
that, for all three matroids, the basis-exchange digraph of A and P is A. Neither Z^ nor 
is a suitable choice for M{Aj), where A 7 is the digraph in FigureH] because both of 
the resulting matroids have non-base-orderable proper minors. We define M (A) to be the 
matroid with Z(M(A)) = Z^’^, and we know of no such M(A) that is not an excluded 
minors for base-orderability. Another reason for choosing this definition of M(A) is to 
make following proposition true. 

Proposition 5.11. Let A be a critical graph. If A' is the digraph obtained by reversing 
the orientation of every edge of A, then M{A)* = M{A'). 

While Ingleton did not state his construction of M(A) when A has an obstruction, he 
did state this duality result. We think it likely, but cannot be certain, that the matroid M (A) 
defined above is the one he intended. With that caution, we state the next conjecture. 

Conjecture 5.12. If A has an obstruction, then M(A), the matroid with lattice of cyclic 
flats equal to Z^^, is an excluded minor for BO. 

5.4. Evidence for the conjectures. Using a computer, we have verified Conjectures 15.91 
and l5.12l for all critical graphs with r < 9. We first note that it is straightforward to write a 
program to test if a matroid is /c-base-orderable: just check all possible bijections between 
all pairs of bases. To test the conjectures, we first generated, up to isomorphism, all ori¬ 
entations of each Ks,t, where s -|- f = r -k 1 and s,t > 2 , using the directg command 
distributed with Brendan McKay’s nauty program m. Next we rejected orientations 
that had sources or sinks, checked if an obstruction was present, and then constructed 
M(A) with the help of the matroid package for SageMath lIT^ . Finally, we checked 
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whether the single-element deletions and contractions of M (A) were base-orderable using 
a program we wrote in the C programming language. We discovered that, for r < 9, if 
A has no obstruction, then M(A) is an excluded minor for BO and SBO, while if A has 
an obstruction, then M(A) is an excluded minor for BO but not SBO. Table [T] gives the 
number of matroids M( A) checked this way. 


r 

Ks,t 

orientations 

with no obstructions 

orientations 

with obstructions 

total 

3 

K 2.2 

1 

0 

1 

4 

CO 

1 

0 

1 

5 

7^2,4 

2 

0 

2 

5 

A^3,3 

3 

0 

3 

6 

7^2,5 

2 

0 

2 

6 

7^3,4 

15 

0 

15 

7 

762,6 

3 

0 

3 

7 

763,5 

34 

0 

34 

7 

764,4 

43 

1 

44 

8 

762,7 

3 

0 

3 

8 

763,6 

68 

0 

68 

8 

764,5 

331 

3 

334 

9 

762,8 

4 

0 

4 

9 

763,7 

120 

0 

120 

9 

764,6 

1111 

8 

1119 

9 

765,5 

1203 

10 

1213 


Table 1. The number of matroids M( A) checked by computer. 


6 . Complete classes oe matroids 

Recall Definition ! 1.21 a class of matroids is complete if it is closed under the operations 
of minors, duals, direct sums, truncations, and induction by directed graphs. In Section 
16.1! we justify the equivalent formulation of completeness given in Theorem 16.1! which 
better suits our work in Section|2l In Section lfiAl we discuss some properties of complete 
classes, including additional operations under which they are closed. 

6.1. A reformulation of complete classes. We prove the following theorem. 

Theorem 6.1. A class of matroids is complete if and only if it is closed under the operations 
of minors, duals, direct sums, and principal extension. 

As we justify this theorem, largely by collecting known results, we discuss principal ex¬ 
tension, as well as induction by both directed and bipartite graphs. Additional information 
on these topics can be found in iflTl Sections 7.1 and 11.2]. 

We first review the two notions of inducing matroids. First let F be a directed graph. 
Let M be a matroid with E{M) C L(r). In the induced matroid r(M) on L(r), a subset 
of L(r) is independent if and only if it can be linked to an independent set of M. 
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Now let M be a matroid, let T be a set disjoint from E{M), and let A be a bipartite 
graph with bipartition {T, E{M)}. In the induced matroid A(M) on T, a subset of T is 
independent if and only if it can be matched in A to an independent set of M. (We caution 
the reader to not confuse A(M) with the matroid M(A) defined in Section |5]) Thus, 
transversal matroids are those that can be induced from free matroids by bipartite graphs. 
For ACT, its rank in the induced matroid A(M) is 

rA(M) {.X) = xmn{rM{N{Y)) + |A - T| : A C A}. (12) 

Ingleton and Piff llT3l showed that if M is induced from A by a directed graph, then 
M* is induced from N* by a bipartite graph (see their proof of their Theorem 3.7). This 
gives the next result. 

Theorem 6.2. If a class of matroids is closed under induction by bipartite graphs and 
under duality, then it is also closed under induction by directed graphs. 


Thus, a dual-closed, minor-closed class of matroids is closed under induction by di¬ 
rected graphs if and only if it is closed under induction by bipartite graphs. 

Intuitively, we get a principal extension of a matroid by adding a point freely to a flat. 
To be precise, let M be a matroid with rank function r, let Y C E{M), and let e be an 
element not in E{M). The principal extension of M into Y, denoted M +y e, is the 
matroid on the set E{M) U e whose rank function is given as follows: for A C E{M), we 
have rM+Ye{X) = r(A), and 


rM+Ye{X U e) 


or, more compactly. 


r(A) ifr(AU A) = r(A), 
r(A) -f 1 otherwise. 


rM+Ye{X U e) = min{r(A) -f 1, r(A U A)}. (13) 


We also say that M +y e is the matroid obtained by adding e freely to the set A. Note that 
M +Y e = M -fcicv) e. The free extension of M is the principal extension M +e(m) e. 
Also, the truncation of M is (M +e{m) e)/e. Thus, in order to prove Theorem 16. II it 
suffices to prove the next result. 


Theorem 6.3. A class of matroids is closed under deletion and principal extension if and 
only if it is closed under induction by bipartite graphs. 

Let (j) : E{M) —>• E{M') be an isomoi-phism of M onto M', where E{M) and E{M') 
are disjoint. Fix a subset A of E{M) and element e ^ E{M) U E{M'), and define a 
bipartite graph A with bipartition {E{M) U e, E{M')} and edge set 

{x(j){x) : X C E{M)} U {efijj) : y C A}. 

From equation (fT^ and those above giving the rank function of M Yy e, it is routine 
to show that the matroid that M' induces on E{M) U e via A is the principal extension 
M +Y £■ It is easy to realize deletion via induction by a bipartite graph, so one direction 
of Theorem l6.3l follows. 

The justification of the other direction, given in Lemma 1631 uses the next lemma, which 
gives the rank function of a sequence of principal extensions of M into subsets of E{M). 
This lemma implies that the result of a sequence of principal extensions of M into subsets 
of E{M) does not depend on the order. Thus we may say that these principal extensions 
are performed simultaneously. To make this precise, let M be a matroid with rank function 
7’, and let ei, 62 ,..., e„ be distinct elements not in E{M). For 1 < i < n, choose a set 
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Fi C E{M). Define Mq = M, and for Q < i < n, define = Mi +Fi+i Ci+i. 

For simplicity, we define for 1 < f < n. Thus, M„ is the matroid obtained by 

consecutively adding freely to the set Fi for 1 < i < n. In Lemma [631 we use [n] for 
the set {1,2,..., n}. For I C [n], we define 

ei = {e^:i e 1} and = (J F^. 

iei 

Lemma 6.4. Using the notation above, ifi G [n], X C E(M), and J C [i], then 

n{X U ej) = min{r(X U F/) + \J - I\}. (14) 

Proof. Equation (fTSl) gives the case i = 1. Assume that equation (fT4l i holds for some 
i G [n — 1]. To deduce case f + 1, let AT C E{M) and J C [f + 1]. If i + 1 ^ J, then 
we have r^+i {X U ej) = ri{X U ej), from which the needed equality for ri+i{X U ej) 
follows. Now assume i + 1 G J. Set J' = J — {i + 1}, so ej = ej/ U {ci+i}. By 
equation (El, 

n+i{X U ej) = ri+i{X U ej/ U e^+i) 

(15) 

= min{ri(X U ej') + 1, ri{X U ej/ U F+i)}. 

By the induction hypothesis, the first term, ri{X U ej') + 1, is 

min {r(A: U Fr) + \J' - l'\ + 1} = min {r(X U Fi) + \J - I\}, 

I ' CJ ' ICJ : i + l^I 

and the second, ri{X U ej' U Fi+i), is 

min {r(A: U Fp U F,+i) + \J' - F\} = min {r{X U Fj) + \J - /|}. 

I ' GJ ' /CJ;z+lGi 

With these equalities, equation ( fTSl ) gives equation (fT4l) for {X U ej). □ 

Lemma 6.5. Let M be a matroid, let T be a set disjoint from E{M), and let A be a 
bipartite graph with bipartition {T, F(M)}. The induced matroid A{M) is obtained from 
M by first adding each t gT freely to the set N/^(t) and then deleting E{M). 

Proof Write T = (ei, 62 ,..., e„}, set F) = iVA(ei), and define Mn as above. Comparing 
equation (El with AT = 0 to equation (El gives M„|T = A(M). □ 

This completes the proofs of Theorems 16.31 and 16.11 When M is free. Lemma 16.51 
gives the geometric description of transversal matroids, as in lETl Proposition 11.2.26]. 
A simple variation on these ideas justifies the remark by Mason O that simultaneous 
principal extensions may be realized by induction from a bipartite graph. 

6.2. Further properties of complete classes. The class of gammoids is complete. As 
Ingleton m observed, since transversal matroids are those induced from free matroids 
via bipartite graphs, the class of gammoids is the smallest complete class. 

Proposition 6.6. Every non-empty complete class of matroids contains all gammoids. 

Other examples of complete classes of matroids include: BO, SBO, k-BO (treated in 
Section|7]); matroids representable over fields of a given characteristic (see and the 

class of matroids with no M (F4)-minor (see 1221). 

Complete classes are closed under all operations that arise by combining those under 
which they are already known to be closed. For example, since the matroid union. My N, 
is obtained by induction from the direct sum M © A by a certain bipartite graph (see 
IEtI Theorem 11.3.1]), complete classes are closed under matroid union. The same holds 
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for the free product and all principal sums (which are special matroid unions; see ll). 
Closure under parallel connections follows from the description Mason ifTsl gave of this 
operation, which we recall. Let M and N be matroids with E{M) n E{N) = {p}. 
To obtain their parallel connection, P{M,N), in N replace p by p^, giving N', where 
PN ^ E{M) U E{N)-, then P(M, N) is 

((M 0 N') +{p,p;v} e)/e\pN- 

This applies even if p is a loop or coloop of either M or N. It now follows that complete 
classes are also closed under series connection (the dual of parallel connection) and 2 -sums. 
While they play no role in this paper, we conclude this section with two observations. 
Recall that a 2-connected matroid is not 3-connected if and only if it is a 2-sum of two 
of its proper minors. Thus, the results above imply that any excluded minor for a complete 
class of matroids must be 3-connected. 

Second, we note that in Theorem l 6 .ll we may replace closure under principal extensions 
by closure under principal extensions into sets of at most two elements. This result, which 
is used in ll 20 l and || 22 l, follows by repeatedly applying Lemma lh^ whose straightforward 
proof we omit. 

Lemma 6.7. Let M be a matroid with rank function r. Let E C E{M) and G C F, and 
let ei and 62 be points not in E{M). Then 

M 0F Cl = ((M 0(3 62 ) 0(F-G)Ue2 ei)\e 2 . 

7. k-BO IS A COMPLETE CLASS 

The main result of this section is the following theorem. 

Theorem 7.1. For a fixed k >\, the class of k-base-orderable matroids is complete. 

This theorem implies the known results that BO and SBO are complete, and combining 
it with Proposition 16.61 gives another proof that gammoids are strongly base-orderable. 
(For a short direct proof, see ll^ Theorem 42.11].) Also, k-BO is closed under all the 
operations discussed in Section l 6 ^ In particular, we recover the result of Brualdi 111 that 
BO is closed under induction by directed graphs. 

By Proposition 12.21 the class k-BO is closed under direct sums, duals, and minors. 
To complete the proof of Theorem 17.11 we address closure under principal extensions in 
Proposition 17.31 The following well-known result (see, e.g., ifTTl Problem 7.2.4(a)]) gives 
the bases of a principal extension. 

Lemma 7.2. Let M be a matroid, with B{M) its set of bases, let F be aflat of M, and let 
e be an element not in E{M). The set of bases of M -\-f e is 

B{M) U{iB - f)Ue: B € B{M) and f € B n F}. 

Proposition 7.3. If M is k-base-orderable, then so is any principal extension M -\-f e. 

Proof Let Bi and B 2 be bases of M 0 f e. If e ^ i?i U B 2 , then there is a fc-exchange- 
ordering cr: Fi —i ?2 by assumption. 

If e € Bi — B 2 , then there is a basis {Bi — e) U a; of M with x € F, and a fc-exchange- 
ordering a: {Bi — e) U a; —>■ B 2 . Define r: Si —132 by 



a{z) if z ^ e, 
a{x) if z = e. 
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Since e can replace x in any basis of M to yield a basis of M +f e, it follows that t is a 
fc-exchange-ordering for M +f e. The case with e € B2 — Bi follows by symmetry. 

Now suppose e € There are bases = (i?i — e) Ua; and i?2y = {B2 — e)Uy 

of M with x,y € F, and a fc-exchange-ordering a: Bi^ B2y If ^{x) = y, then the 
bijection t : Bi ^ B2 given by 

a{z) if 2; ^ e, 
e if 2; = e, 

is a fc-exchange-ordering for M +f e. 

The rest of the proof treats the case with a{x) ^ y and uses the following notation; 
Bi = {e, 02, 03,, Or} and B2 = {e, &i, 63,..., br}, and a is given by a{x) — bi, 
<7(02) = y, and a{aj) = bj for j > 3 ; we abbreviate this by 

( X 02 03 ... Or 
bi y bs ...br 

Define r: i?i —> i?2 to fix e, map 02 to bi, and agree with cr on 03,..., Or, that is, 

e a2 as ... Qr 

ebibs ...br 

We claim that r is a fc-exchange-ordering for M +f e. Let X C Bi with |X| < k. The 
case with X fl {e, 02} = 0 is immediate. If both e € X and 02 € X, then exchanging 
{X — e) U X and a{{X — e)U x) in Bi^ and B2y, and then using Lemma IT 2 l shows that 
both (i?i — X) U t{X) and {B2 — t{X)) U X are bases of M +f e. We get the same 
conclusion if e € X and 02 ^ X by exchanging X — x and ct(X — x) in Bi^ and B2y, 
and then using Lemma lT 2 l (note the inequality |X| < fc in Definition 12 .11 1. 

Finally, assume that e ^ X and 02 G X. By relabeling, we may assume that X 
is {02, 03,..., Oi}, so i < fc + 1 . First assume x = bi. Since cr is a fc-exchange- 
ordering, {a:, j/, 63,..., bi, o^+i,..., Or} must be a basis of M, and we may replace y 
with e to get that {e, a:, 63,..., bi, Oi+i,..., ar} is a basis of M +f e. To show that 
{e, 02,..., Oi, bi+i,..., br} is also a basis of M +f e, note that 

{B2y - cr(X)) U X = {61, 02, ..., Oi, bi+i,... ,br} = {x,a2,.. ■, at, bi+i,. ..,br} 

is a basis of M, and then replace x with e. The case where y = 02 is similar, though 
not symmetric, to that of a: = 61. To provide the details, assume y = 02. Now let 
X' = (X — 02) U a;. Since u is a fc-exchange-ordering, we have that 

{Bix X ) U o'(X ) {63, y, 63,..., 6^, Oj_|_i,..., o^} 

is a basis of M, and replacing y with e gives that {e,bi,bs,... ,bi, Oi+i,..., o^} is a basis 
of M +F e. We also have that the following set is a basis of M +f e: 

{B2y - O'(X')) U X' = {x, y, 03,..., a^, bi+i,..., br}. 

Thus replacing a; by e and recalling that y = 02 gives that {e, 02,..., ai, 6i+i,..., hr} is 
a basis of M. 

So we assume that x ^ bi and y 7^ 02 for the rest of the proof. We next show that 

{Bi - X) U r(X) = {e, bi, 63, • ■ •, o^+i,..., 0^} 

is a basis of M +f e. Assume the contrary. Then, since x ^ bi and cr is a fc-exchange- 
ordering, it follows that both 

{a;, &i, &3,..., bi, Ui+i,. ..,ar} and {y, &i, & 3 , • ■ •, Oi+i, ■ ■ ■, Or} 
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have size r, and, hence, they are dependent in M. Therefore they contain circuits, say Cx 
and Cy, respectively. Since a is a A:-exchange-ordering, it follows that both 

B' = {x,y,b 3 ,.. ...,ar} and {bi,a 2 ,b 3 ,.. .,bi,ai+i ,... , 0 ^} 

are bases of M. Therefore, it must be that {x, 61 } C Cx and {y, hi} C Cy. By circuit 
elimination, there is a circuit C of M such that C C [Cx U Cy) — hi. Since this last set 
is a subset of B', we have reached a contradiction. Thus, [Bi — X) U t{X) is a basis of 
M +p e. A similar argument shows that {B 2 — 'r(X)) U X is also a basis of M -\-f D 

We next point out that there are other complete classes along these lines. 

Definition 7.4. Let M be a matroid, and let 0 < k < r[M) and 0 < I < r{M) with 
k 1 > 0. We say M is {k, Z)-base-orderable if, given any two bases Bi and B 2 , there is 
a bijection a: Bi B 2 so that for every X Q Bi with |X| < k or |Jf| > r{M) — I, the 
set [Bi — X) U cr{X) is a basis. 

It follows from the definition that for fc > 1, a matroid is fc-base-orderable if and only 
if it is (fc, fc)-base-orderable. It also follows that a matroid M is (fc, Z)-base-orderable if 
and only if it is [I, /c)-base-orderable. Note that every matroid is (1,0)-base-orderable by 
the bijective-exchange property. However, matroids do not in general satisfy a multiple 
bijective-exchange property. For example, since r{M{K/i)) — 3 and M{K 4 ) is not base- 
orderable, it follows that it is not (2, 0)-base-orderable. It is easy to modify the proofs in 
this section to show the following strengthening. 

Theorem 7.5. For fixed k and I, the class of {k, l)-base-orderable matroids is complete. 

In a different direction, we close this section by showing that BO is closed under circuit- 
hyperplane relaxation. We do not yet know whether the same holds for SBO, k-BO, or all 
complete classes of matroids. 

Proposition 7.6. Let M' be the relaxation of a matroid M by a circuit-hyperplane X of 
M. If M is base-orderable, then so is M'. 

Proof. Let Bi and B 2 be bases of M'. It suffices to consider the case where B 2 = X. By 
the bijective exchange property, there is a bijection a: Bi —^X such that for all y € Bi, 
the set {Bi —y)U (j{y) is also a basis. Clearly a fixes any element of Bi n X. Let y € Bi. 
To show that a is an exchange-ordering, we must show that {X — a{y)) U y is a basis of 
M'. This holds because X — a{y) is an independent hyperplane of M'. □ 

8 . An infinite family of excluded minors for gammoids and for bo 

Ingleton Km stated (without giving his proof) that if A is a critical graph and (in the 
notation of Definition 15.Il l either |A| or |F| is two, then M(A) is an excluded minor for 
BO. Since A has neither a source nor a sink, Ingleton’s hypothesis implies that each of X 
and Y can be partitioned into two sets so that all edges between a given block of X and 
one of Y are oriented the same way. In this section we extend Ingleton’s result to the case 
where there are such partitions of X and Y, even if min{|A|, |F|} > 2, as in Figure|5] We 
show more: all single-element contractions of such matroids M (A) are transversal, and all 
single-element deletions are cotransversal. Besides verifying infinitely many more cases 
of Conjecture 15.91 this shows that these matroids are also excluded minors for the class of 
gammoids, and for SBO and k-BO. Such critical graphs A look like generalizations of 
the graph in Figure[Tl so we may view the matroids M (A) as generalizations of M{Kf). 
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In this section, unlike Sections [3] and [5] the sets A and B are not bases; rather they are 
two sets in a 6-tuple of sets. Specifically, for an integer r > 3, let a = {A, B, C, D, E, F) 
be a 6-tuple of disjoint nonempty sets with 

r=\AUBUC\ = \DUEUF\ and r + 1 = \AU B U D U E\. 

Let Aq, be the directed bipartite graph with bipartition {A LlBLiC,DLlELlF} having 
the following edges: 

(1) (a, d) for all a € A and d € D, 

(2) (e, a) for all a G A and e G E, 

(3) {d, b) for all 6 G B and d € D, and 

(4) (6, e) for all 6 G B and e G B. 

Thus, Aq is a critical graph with no obstructions. From Proposition |T8] in the associated 
rank-r matroid M{Aa), which we shorten to M^, the proper nonempty cyclic flats are 
CUBUB, C \J AVJ D, F EVJ A, and B U B U B, and their ranks are given by 

r(C'UB U B) = \C\ + \B\, 
riCUAAD) = \C\ + \A\, 
r(B U BU ^) = |B| + |B|, and 
r(BUBiUB) = |B| + |B|. 

Figure|5]gives an example. 


D E F 



Figure 5 . An example, with r = 8, of the digraph Aq, described above. 
An arrow from block U to block V means that there is a directed edge 
{u, v) for every u € U and v € V. 


Theorem 8.1. The matroid Ma defined above has the following properties: 

(1) it is not base-orderable, 

(2) each of its single-element contractions is transversal, 

(3) each of its single-element deletions is cotransversal, and 

(4) it is an excluded minor for the following classes of matroids: gammoids, BO, 
SBO, and k-BO for any fc > 1. 

Proof Note that it suffices to prove the first three assertions since they imply the last. Also, 
assertion (1) follows from our work in Section |5] 

We now prove assertion (2). For an element x G E{Mct) and antichain B of Z{Ma) 
with |B| > 3, let Ex = {F — x : F G B}. Some sets in B^ might not be cyclic flats of 
Ma/x, but by Lemmaany antichain of at least three cyclic flats of M^/x is equal to 
some Br. To show that M^/x is transversal, by Coroll arv l4.6l it suffices to check inequality 
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^ for all sets Tx', to do this efficiently, we simplify inequality ^ for each antichain F of 
Z{Ma), and compare the result to its counterpart for Fx in Ma/x. 

First note that the union of any two proper, non-empty cyclic flats of has rank r, 
and that the intersection of any three is empty. Thus, DF = 0, so OFx = 0- 

We hrst let F consist of all four proper, nonempty cyclic flats of Ma- From the ranks 
given in equations (fThl l. the alternating sum in inequality (O simplihes to 

2|C| + |A| + \B\ + 2\F\ + \D\ + \E\ - 3r, (17) 

which is \C\ + |F| — r = —1. In Ma/x, the term —3r is replaced by —3(r — 1) = —3r+ 3, 
and, since x is in at most two cyclic flats of Ma, the rank of at most two sets in Fx goes 
down by 1 compared to their counterparts in M; so the counterpart, in Ma/x, of sum (fTTl i 
is nonnegative, as needed. By the symmetry between the proper, nonempty cyclic flats of 
Ma, to check triples, it suffices to consider the antichain 

F = {CK^B\^E, CUvlUD, FiJE\jA}. 

The alternating sum in inequality (|2| for F in Ma simplifies to 

2|C| + |^| + |B| + |i^| + |F;|-2r, (18) 

that is, |(7| + |F| + |i7|—r, or |C| —|i7|. Since ICI + l = |£)| + |i7|, sum (fTSl) equals \E\ — 1, 
which is nonnegative. In Ma/x, the term —2r is replaced by —2(r — 1) = —2r + 2, and 
the rank of at most two sets in Fx goes down by 1 compared to their counterparts in M; so 
the counterpart of sum (fTsT i in Ma/x is nonnegative, as needed. Thus, statement (2) holds. 

Assertion (3) follows by applying assertion (2) to the dual, which is M(A^) where 
reverses the orientation of each edge of A. □ 

In contrast, single-element deletions of an Ma need not be transversal. For example, if 
a = ({ai, 02}, {61}, {ci, C2}, {di,d2}, {ei}, {/i, /2}), 
then Ma\ai is not transversal. 

Note that for a given integer r > 3, this construction yields at least as many distinct 
excluded minors Ma as integer partitions of r -f 1 with four parts, for which (Q /4! is a 
crude lower bound. 


9. An infinite family of excluded minors for SBO 

Ingleton, in im, was the first to exhibit a matroid that is in BO but not in SBO. Here 
we generalize his construction; for a fixed integer fc > 2, we construct a family of matroids 
that are in {k — l)-BO but are excluded minors for k-BO and SBO. When k — 2, we 
recover Ingleton’s example. Taken together, i.e., as k ranges over all integers exceeding 
one, these matroids form an infinite antichain of base-orderable matroids that are excluded 
minors for SBO. 

Let k > 2 be an integer and let /3 = {A, B,C, D, E, F) be a 6-tuple of disjoint 
nonempty sets with k = \C\ = |F"| = \AU B\ = \D VJ E\. We will define a rank-2fc 
matroid Mp on the union of these sets, which we (prematurely) denote E{Mp), in terms 
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of cyclic flats and their ranks. Define a function r on seven subsets of E{Mp) as follows: 

r{E{Mp)) = 2k, 
r{AU B U D U E) = 2k - 1, 
r{CUBUE) = k+\B\, 

r{CUAUD) = k+\A\, (19) 

r{E UEUA) = k + \E\, 
r{E U Du B) = k + \D\, and 
r(0) = 0. 

Let Z consist of the sets on which r has been defined. 

Proposition 9.1. Let r, P, and Z be as above. The function r can be extended to all subsets 
of E{Mp) to be the rank function of a matroid Mp with Z{Mp) = Z. 

Proof We check the conditions in Theorem 14.21 Condition (Zl) holds by construction. 
Fix c € C and f G E, and set a = {A, B,C — c, D,E,E — /). Note that a satisfies the 
assumptions in Section [8] with r = 2fc — 1, so we can let Ma be the matroid defined in 
that section. The sets and ranks in equation (fT9l l. apart from AU BU DU E, wte obtained 
from the cyclic flats of Me by adjoining c to the sets that contain C — c, and / to the 
sets that contain E — f, and increasing the rank of each augmented set by 1. From this 
observation and the fact that AUBUDUE is comparable only to 0 and E{Mp), it follows 
that condition (ZO) holds, and that conditions (Z2) and (Z3) hold for all pairs that do not 
include AU B U D U E. It is routine to check the remaining requirements, namely, that 
conditions (Z2) and (Z3) hold for the pairs that include AU B U D U E. □ 

It follows from equations ([TJ and (fT^ that both AU BUC and DU EU F are bases of 
Mp. Their basis-exchange digraph has the form illustrated in Figure |6] 



Figure 6 . An example, with fc = 4 , of a basis-exchange digraph of a 
matroid Mp. Arrows between sets are interpreted as in Figure |5] 


To prove the next lemma, we use the same idea as in the proof of Theorem l8.ll 

Lemma 9.2. Every single-element contraction of Mp is transversal. 

Proof. For an element x G E{Mp) and antichain T of cyclic flats of Mp with | > 3, let 

Ex = {F" — X : F G E}. To prove that Mp/x is transversal, it suffices to verify inequality 
(|2]i for all such Ex in Mp /x; we do this by comparing that inequality to its counterpart for 
E in Mp. Symmetry reduces the argument to the seven cases for E treated below. In each 
case, we use the equality r = 2k = \AU B U D U E\ as well as equations (fT9] l. We also 
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use the observations that the union of any two proper, non-empty cyclic flats of has 
rank r = 2k, and if | > 3, then = 0, and so f]iFx = 0- 

Let F consist of all five proper nonempty cyclic flats of Mg. The alternating sum in 
inequality (O simplifies to 

&k+\A\ + \B\ + \E\ + \D\-l-Ar, (20) 

which equals —1. In Mp/x, the counterpart of sum (l20l) is nonnegative, as needed, since 
—4(r — 1) = —4r + 4 replaces —4r, and, with x in at most three cyclic flats of Mp, the 
rank of at most three sets in Fx goes down by 1 compared to their counterparts in M. 

Next consider = {C US U-B, CUAUD, FUEUA, FU BUS}. The alternating 
sum in inequality (|2| simplifies to 

Ak+\A\ + |S| + \E\ + \D\-3r, 

which equals 0. The counterpart in Mp /a; is also nonnegative since —3(r — 1) replaces 3r 
and, with x in two cyclic flats of Mp, the rank of two sets in Fx goes down by 1 compared 
to their counterparts in M. 

If |S| = 4 and AU B \J D U E G F, then by symmetry it suffices to consider 

F = {AU BU DU E, CUBUE, CUAUD, EUEUA}. 

The alternating sum in inequality (|2l) for Bin Mp simplifies to 5A: —1 + |S| + |^| + |S| — 3r. 
This equals \E\ — 1, which is nonnegative. This case is completed as above by noting that 
X is in at most three cyclic flats of Mp 

If |B| = 3 but AU B U D U E ^ F, then by symmetry it suffices to consider 

F = {CUBUE, CUAUD, EUEUA}. 

In this case, HF = 0, and the alternating sum in inequality (|2]) for F in Mp simplifies to 

?,k+\A\ + \B\ + \E\-2r, (21) 

which equals \E\. In Mp/x, the term —2(r — 1) replaces —2r, and the rank of at most 
two sets in Fx goes down by 1 compared to their counterparts in M; so the counterpart of 
sum (EB in Mp/x is positive. 

When \F\ = 3 and AU B U D U E GB, then by symmetry, it suffices to assume that 
C U AU D & F and to examine the three remaining cases. 

First let B = [A U B U D U E, C U AU D, C U B U E}. In this case, flB = 0, and 
the alternating sum in inequality (|2| for B in Mp simplifies to 2r — 1 + |yl| + \B\ — 2r, 
which equals k — 1. This case follows as above by noting that x is in at most two cyclic 
flats of Fx- 

Next, let B = [A U B U D U E, C U AU D, F U EU A}. In this case, flB = A, 
which is independent, and the alternating sum in inequality (|2]| for B in Mp simplifies to 

Ak+\A\ + \E\ -l-2r, 

that is, 1^1 + \E\ — 1. In Alpjx, the term —2(r — 1) replaces —2r. If a; ^ then x is in 
at most two cyclic flats of B, so the rank of at most two sets in Fx goes down by 1; also, 
rup/xi^^x) = i^Mp/xi^) < 1^1- If 2; G A, then the rank of all three sets in Fx goes 
down by 1; also, rMf,/x(ri-Cx) = rM^/xi^ — x) = |2l| — 1. Either way, the counterpart of 
inequality (IB for Fx in Mp/x holds because |B| — 1 > 0. 

Finally, the case that F = {AUBU DUE, CUAUD, BUBUB}is similar to the 
previous case, with D playing the role of A. □ 

Theorem 9.3. For k > 2, the matroid Mp defined above has the following properties: 
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(1) Mp is neither k-base-orderable nor strongly base-orderable, 

(2) every single-element contraction of Mp is transversal, 

(3) Mg is an excluded minor for SBO and k-BO, 

(4) Mp is {k — l)-base-orderable, and 

(5) if\A\ = \B\ = \D\ = \E\ = k/2, then Mp has exactly two pairs of bases that 
have no k-exchange-ordering; otherwise, there is only one such pair of bases. 

Proof We first show that Mp is not fc-base-orderable, and so not strongly base-orderable. 
As noted above, both AUBUC and DUEUF are bases of Mp. Assume for a contradiction 
that a: D U E Li F —S'AUBUC'isa fc-exchange-ordering. Since C U i? is a basis of 
C LI B L) E, we get a{E) C C L) B. Likewise, the fact that C U A is a basis of C U A U I? 
forces a{D) C C U A. However, it cannot be that a{D LI E) = C since ALI B LI D LI E 
is a dependent set. So either a{D) D A 0 or <t{E) 0 B 0. The former cannot occur 
because F LI E isa basis of F LI E LI A, but the latter is also impossible because F LI D is 
a basis of F LI DU B. Therefore, we have reached a contradiction. 

Assertion (2) is Lemma 19.21 Since transversal matroids are strongly base-orderable. 
Lemma |2A] implies assertion (3). 

Next we prove assertion (4). Since proper minors of Mp are in SBO, we need only 
show that there is a (fc — 1)-exchange-ordering between every disjoint pair of bases. 

Note that nothing distinguishes elements that are in the same set in /3. We will use the 
following consequence of that observation: for distinct members x, y of the same set in /3, 
if Bi is a basis of Mp with x LL Bi and y ^ Bi, then {Bi — x) Uy is also a basis of Mp. 

Let Bi and B 2 be disjoint bases of Mp. First assume that some set Xin jd contains some 
element, say x, in Bi and some element, say y, in B 2 . Now y ^ Bi. By the observation 
in the previous paragraph, [Bi — cc) U y is a basis of Mp. Since Mp/y is strongly base- 
orderable, there is a fc-exchange-ordering cr: [Bi — x) U y ^ B 2 with respect to Mp. It 
must be that a{y) = y. Defining r: i?i —^2 by 


r(e) 


cr(e) if e X 
y if e = X, 


gives a fc-exchange-ordering with respect to Mp. 

Now assume that no set in /3 has elements in both Bi and B 2 . Thus, Bi is a union of 
sets in /3, as is B 2 . The size constraints on the sets imply that Bi is a union of at least two 
sets, as is B 2 . The only union of two sets that is a basis is C U F, but its complement, 
AUBUDUE,is not a basis, so Bi is a union of three sets, as is B 2 . Since bases have 2k 
elements and \C\ = k, the fact that C U B U E, C U AU D, F U EU A, and FUDUB are 
cyclic flats implies that there are at most two pairs of disjoint bases. Namely, one of Bi and 
B 2 must be either AUBUC or CU DUE. Ifi?i = AUi3UC', then B 2 = DUEUF, and 
any bijection a: Bi ^ B 2 with CT(AUi?) = F and aifJ) = DUE isa (k— l)-exchange- 
ordering. \f Bi = C U DU E, then B 2 = AU BU F, and any bijection t : Bi ^ B 2 with 
t(C') = AU B and t{D U E) = F isa {k — l)-exchange-ordering. This proves assertion 

(4). 

As we now show, it is possible for both A U i? U F and C U F U F to be bases of Mp only 
if I A| = \B\ = \D\ = |F| = k/2. If this equality does not hold, then the larger of | A| and 
\B\ must be strictly greater than the smaller of |F| and |F|. By symmetry, we may assume 
that \B\ > |A|. If \B\ > \D\, then since r(F U DU B) = |F| -|- \D\, it follows that F U F 
is dependent. If instead \B\ > \E\, then we have \D\ > |A| since |A| -|- \B\ = \D\ \E\. 

Now since r{C U A U F) = |C| -I- |A|, it follows that C U F is dependent. 
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Furthermore, if A U B U F and C U F U F are indeed both bases of Mp, then the 
basis-exchange digraphs ^aubuC,dueuf and ficuDuB, Aubuf are isomorphic, and, by 
symmetry, there is no A:-exchange-ordering between A U F U F and C U F U F. This 
proves assertion (5). □ 

Note that, for a given k > 2, the number matroids Mg, up to isomorphism, is the 
number of 4-cycles (p, q, r, s) of positive integers (allowing repetitions) with p + r = k 
and q + s = k. (We get p, q, r, s from |A|, \D\, \B\, \E\ by some cyclic shift.) First let 
k = 2h + 1, so k is odd. There are h choices for the smaller of p and r, and likewise for 
q and s. These two smallest integers must be adjacent in the cycle. If the two smallest 
integers differ, then the cycle is determined by deciding which follows the other, so there 
are h{h — 1) such cycles. If the two smallest integers are equal, then each of the h choices 
of that integer yields only one cycle. Thus, there ctre h{h — 1) + h = h? matroids Mp, up to 
isomorphism, when k = 2h+l. Now let k = 2h, so k is even. The analysis above applies 
if the two smallest integers are less than h, so there are {h — 1)^ such cycles. If either of 
the two smallest integers is h, then the cycle is determined by the other smallest integer, 
so there are h such cycles. Thus, there are {h — 1)^ + h matroids Mp, up to isomorphism, 
when k = 2h. 

By Pror)osition l2.21 the dual matroid is also an excluded minor for k-BO and SBO 
that is {k — l)-base-orderable. We note that may be thought of as a variation on Mp 
in the following sense. Given jS = (A, B, C, D, E, F), modify the construction of Mp by 
replacing the circuit-hyperplane A U F U F U F with the circuit-hyperplane C U F, giving 
the matroid M^, say. Now let (3' = (A, F, C, E, F, F). One can show that M^ = M'^ by 
using equation ([T]) and ProDosition l4.ll 

We showed that the single-element contractions of Mp are transversal and hence gam- 
moids. Perhaps the single-element deletions of Mp are also gammoids, but showing that 
would require a different type of argument. To see why, for fc = 5, let |A| = |F| = 2, 
|F| = |F| = 3, and ICI = |F| = 5. Let c € C. Using the Mason-Ingle ton condition, 
one can check that neither Mp\c nor {Mp\c)* is transversal. Testing whether Mp\c is a 
gammoid therefore would require a different approach. 
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